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Mechanical and structural model of fractal networks of fat crystals at low deformations

Suresh S. Narine and Alejandro G. Marangoni
Department of Food Science, University of Guelph, Guelph, Ontario, Canada N1G 2W1

~Received 25 March 1999; revised manuscript received 14 June 1999!

Fat-crystal networks demonstrate viscoelastic behavior at very small deformations. A structural model of
these networks is described and supported by polarized light and atomic-force microscopy. A mechanical
model is described which allows the shear elastic modulus (G8) of the system to be correlated with forces
acting within the network. The fractal arrangement of the network at certain length scales is taken into
consideration. It is assumed that the forces acting are due to van der Waals forces. The final expression forG8
is related to the volume fraction of solid fat~F! via the mass fractal dimension~D! of the network, which
agrees with the experimental verification of the scaling behavior of fat-crystal networks@S. S. Narine and A. G.
Marangoni, Phys. Rev. E59, 1908~1999!#. G8 was also found to be inversely proportional to the diameter of
the primary particles~s'6 mm! within the network~microstructural elements! as well as to the diameter of the
microstructures~j'100 mm! and inversely proportional to the cube of the intermicrostructural element dis-
tance (d0). This formulation of the elastic modulus agrees well with experimental observations.
@S1063-651X~99!14511-2#

PACS number~s!: 61.43.2j, 61.41.1e, 83.20.Bg, 83.50.Fc
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I. INTRODUCTION

Plastic fats demonstrate rheological properties such
yield value and viscoelastic behavior as a result of a cry
network formed within such systems. The fat behaves lik
rigid solid until the deforming stress exceeds the yield va
and the fat starts flowing like a viscous liquid@1#. Further-
more, many of the important quality characteristics of f
containing food products depend on the macroscopic rh
logical properties of the fat-crystal network formed with
the finished product. Some of these characteristics incl
the spreadability of margarine, butter and spreads, as we
the snap of chocolate. Predicting the macroscopic rheol
cal properties of fat-crystal networks within these product
therefore important not only from a fundamental perspect
but from an industrial perspective as well.

Structural models to predict the rheological nature of f
crystal networks and of model systems constructed to
proximate fat-crystal networks has been the focus of m
endeavor since the early 1960s@2–9#. However, most of
these models failed to adequately describe the fat-crystal
work quantitatively. In all cases, this was due to the failu
of the network models to describe the fractal nature of
network @10,11#. Until now there has been no incorporatio
of the fractal arrangement, at certain length scales, of
network into structural models.

Any attempt to quantitatively relate aspects of netwo
structure to rheological properties must necessarily exam
the different levels of structure present in the network, a
the contribution of these levels of structure to various rh
logical indicators, such as yield stress and storage modu
The fats industry has long accepted the yield value of
network as a rheological indicator of the hardness of
network. Furthermore, methods developed as early as 1
by Haighton@12# related cone penetrometry measurement
the sensory hardness of fats, and established an emp
formula to determine yield value from such measureme
However, Shama and Sherman@13# pointed out that the yield
PRE 601063-651X/99/60~6!/6991~10!/$15.00
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value as related to cone penetrometry does not necess
relate to any fundamental properties of the crystal netwo
since the large shearing forces involved in cone penetr
etry measurements results in drastic damage to the netw
structure. Soon after, Davis suggested that linear viscoela
testing or small-deformation measurements~such as the elas
tic modulus of the network! performed on the fat-crystal net
work should yield more information on the intact structure
the network@14#. Furthermore, measurements in our labo
tory indicate that there exists a direct relationship betwe
the elastic modulus~storage shear modulus! of a fat and its
hardness index, as determined by cone penetrometry m
surements@15#. Therefore, the elastic modulus of a fa
crystal network is an indicator of the macroscopic cons
tency of that network which also allows one to obser
contributions from the undamaged network structure. In
model we propose, the rheological indicator of importance
the elastic modulus.

The structure of fat-crystal networks is arranged in a
erarchical fashion, with combinations of different levels b
ing implicated in varying degrees depending on the nature
the rheological measurement. The growth of a fat-crystal n
work can be visualized thus: the triglycerides present in
sample crystallize from the melt into particular polymorph
polytypic states. These crystals grow into larger microstr
tural elements~;6 mm! which then aggregate via a mas
and heat-transfer limited process into larger microstructu
~;100 mm!. The aggregation process continues until a co
tinuous three-dimensional network is formed by the colle
tion of microstructures. Trapped within this solid netwo
structure is the liquid phase of the fat. As shown by Nar
and Marangoni@11#, the microstructural elements are a
ranged in a fractal manner within the microstructures.

Since the quantification of the spatial distribution of t
microstructural elements within microstructures of fats w
achieved early this year via fractal analysis@11#, methods are
now available to quantify all levels of structure in fat-cryst
networks. For the smallest scale of structure present, the
6991 © 1999 The American Physical Society
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6992 PRE 60SURESH S. NARINE AND ALEJANDRO G. MARANGONI
glyceride molecules, methods to determine triglyceride a
fatty acid composition as well as stereo-specific structu
analysis are well established@16#. The different polymorphic
and polytypic states formed by the crystallizing triglycerid
have been quantified by powder x-ray-diffraction~e.g.,
@17,18#!, Fourier transform infrared analysis~e.g., @19,20#!
and differential scanning calorimetry measurements~e.g.,
@21#!. Furthermore, methods to quantify solid and/or liqu
ratios of fat-crystal networks are also available~e.g., @22–
25#!. However, although all structural levels of the netwo
can be quantified as well as the solid and/or liquid rati
there is still no conclusive theory to relate triglyceride co
position, crystal orientation, crystal size, crystal shape,
crostructural characteristics, and solid fat content to the e
tic modulus of the fat network. A quantitative network mod
incorporating the various levels of structure in the approp
ate degrees depending on the extent to which they affec
elastic modulus of the network is therefore even more
portant than before, given that the different structural lev
can all be quantified.

The elastic modulus of fat-crystal networks are virtua
independent of frequency and in the linear viscoelastic
gion demonstrate a very low value of damping@3,15#. An
example of the lack of variation of the elastic modulus w
frequency is shown in Fig. 1~experimental details are sum
marized in Sec. III below!. This suggests that the viscosity o
the liquid ~oil! portion of the network plays no essential pa
in the transmittance of forces; if this was the case, one wo
expect increases of the loss modulus with increases in
quency@3#. The fact that fat-crystal networks do demonstra
a measurable elastic modulus as well as a yield value
gests that the solid fat particles are the entities respons
for the elastic modulus and therefore these particles m
have strong mutual interactions.

The quantification of the spatial distribution of micro
structural elements within the microstructures in fat-crys
networks has been studied using the relationship of the s
elastic modulus (G8) to the volume fraction of solid fat~F!
via the mass fractal dimension~D! of the network@11#. This
work closely paralleled advances in application of scal
theory to explain the elastic properties of colloidal gels@26–
35# developed after introduction of the fractal concept
Mandelbrot @36#. The elastic modulus of a fat-crystal ne

FIG. 1. Shear elastic modulusG8~s-s! and loss modulus
G9~d-d! plotted against frequency for cocoa butter~solid fat con-
tent of sample is 75% and strain level is 0.5%!.
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work is related to the solid fat content of the network via t
following relationship at high solid fat contents~;60–
100 %!:

G85gF1/~d2D !, ~1!

where G8 is the elastic modulus,g is a constant which is
dependent on the size of the primary particles and on
interactions between them,F is the particle volume fraction
of solid fat, d is the Euclidean dimension of the network—
usually 3—andD is the fractal dimension of the network
measured at length scales bounded by the average size o
microstructural elements and the size of one microstruct
The exact dependence of the constantg on network proper-
ties has not been formulated: it is the motivation of t
model outlined in this publication to formulate a relationsh
of g to fundamental characteristics of the fat network in
manner that would renderg quantifiable and therefore allow
Eq. ~1! to be used as a tool to predict the elastic modulus
a particular fat-crystal network with a known solid fat co
tent. One of the reasons previous models of fat-crystal n
works failed was that they predicted a linear relations
between the elastic modulus and the solid fat content of
network. As shown by Eq.~1! and as verified by a host o
researchers~e.g., @3–6,10,11,36,37#! the elastic modulus of
the network actually depends on the solid fat content in
power law fashion. Figure 2 shows a plot ofG8 vs F for four
different systems~experimental details are summarized
Sec. III below!. For Fig. 2~a! the fat system demonstrated
milkfat; the relationship is linear because the fractal dime
sionD of milkfat is 2.02@11#, therefore, from Eq.~1!, theG8
dependence ofF is linear.

II. THEORY

At the microstructural level, the solid network is an orth
dox amorphous solid, while the intramicrostructural level
fractal in nature@11#. In this way, the formation of the fat
crystal network is mathematically very similar to a floccula
ing colloid as noted by Edwards and Oakeshott@39#. The
arrangement of the microstructures can be imagined as
assembly of chains, each chain consisting of a linear arra

FIG. 2. Shear elastic modulusG8 plotted against volume frac
tion of solid fatF for ~a! milkfat, ~b! tallow, ~c! palm oil, and~d!
lard ~strain levels used are 0.2%!.



a
ee
e,
he
e
a
a
uc
ge
an
in

ar
r
er

rin

iz
ra

al
an

-
ic
th
h

nt

fa
in
e

icro-
an

ntal
by
n-

icro-
have
gest
en
f-

tal
to

fat

s-
mp-
as

py.
c-

ni
be

-
f
e

r.
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microstructures with an average small mutual distance ap
The chains are branched and interlinked to form a thr
dimensional network with oil present in the void volum
both within and without the microstructures. In this way t
network is similar to the network as described by van d
Tempel@2#. However, van den Tempel did not consider th
the particles forming the chains were clusters of smaller p
ticles arranged in a fractal manner; the way the microstr
tures are clusters with microstructural elements arran
within them in a fractal manner. In a later publication, v
den Tempel did consider that the network is formed via
teraction of clusters rather than primary particles@7#, but did
not consider the fractal arrangement of the ‘‘primary p
ticles’’ within the clusters. Evidence of the existence of o
dered microstructures is given by Heertje and co-work
@40–42# as well as Narine and Marangoni@11#. The fractal
nature of the microstructures was demonstrated by Na
and Marangoni@11#. Figures 3~a! and 3~b! show microstruc-
tures of cocoa butter and milkfat, as seen under a polar
light microscope. The fractal arrangement of microstructu
elements in fat crystals was demonstrated in Ref.@11#. Fig-
ures 3~c! and 3~d! show a microstructure and microstructur
element of the high melting fraction of milkfat seen under
atomic-force microscope operated in tapping mode~experi-
mental details are summarized in Sec. III below!.

A. Weak-link theory

The relationship shown by Eq.~1! was formulated by as
suming the so called ‘‘weak-link theory’’ in which the elast
constant of the network is dependent on the nature of
links between microstructures, as opposed to the strengt
the microstructures themselves@11,34#. This theory is only
applicable to fat-crystal networks at relatively high perce
ages of solid content~;60–100 %!. The weak-link theory
suggests that when a deforming force is placed on the
crystal network such that the resulting deformation is with
the linear viscoelastic region of the network, the links b

FIG. 3. ~a! Microstructures of cocoa butter.~b! Microstructures
of milkfat. ~c! Microstructure of the high melting fraction of milk
fat. ~d! Microstructural element of the high melting fraction o
milkfat. ~a! and~b! were imaged with a polarized light microscop
and the fat was dispersed in 50%~w/w! canola oil,~c! and~d! were
imaged with an atomic-force microscope.
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tween the microstructures are stressed, rather than the m
structures themselves. Figure 4 is a schematic depicting
idealized fat-crystal network under shear. Some experime
evidence of the weak-link theory is provided in a paper
Heertje @42#. This paper showed a fat network in an u
stressed and stressed state; in the stressed state, the m
structures are separated with respect to each other, but
maintained their shape and size. This would seem to sug
that the weakest link in the network occur at the link betwe
microstructures. Further proof of the weak-link theory is o
fered in the publication by Narine and Marangoni@11#,
where microscopic and rheological determinations of frac
dimensions of a series of fat-crystal networks were seen
agree within 2.5%, using the weak-link theory and Eq.~1!.

B. Fractal network model

In a 1 cm3 sample containingNj microstructures, withNs

microstructural elements in each microstructure, the solid
content of the network is given by

F5
4

3
pS s

2 D 3

NsNj , ~2!

where s is the diameter of a microstructural element a
sumed to be spherical. This assumption is not a bad assu
tion for most natural fat systems at high solid fat contents
the authors have observed with polarized light microsco
The number of microstructural elements within a microstru
ture is given by the following equation@35,43#:

Ns;S j

s D D

~3!

⇒Ns5c~j!D, ~4a!

wherej is the diameter of a microstructure andc is propor-
tionality constant. As explained by Narine and Marango
@11#, the fractal dimension of a fat-crystal network may
calculated by utilizing Eq.~4a! in the following form:

Ns5c~R!D, ~4b!

wheres<R<j. Taking logarithms

ln~Ns!5D ln~R!1 ln~c!. ~5!

FIG. 4. Schematic of idealized fat-crystal network under shea
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Therefore, a plot of ln(Ns) vs ln(R) yields ln(c) as the inter-
cept andD as the slope. Therefore, from Eq.~2!,

F5
4

3
pS s

2 D 3

c~j!DNj . ~6!

The number of microstructures in a sample of volume 1 c3

may therefore be written as

Nj5
6F

cps3jD . ~7!

If the mutual distance between neighboring microstructu
in a chain is small compared toj, the total length of all the
chains present in the 1 cm3 sample is

Njj5
6Fj

cps3jD . ~8!

We can safely assume that the total chain length is mad
of straight chains oriented in three mutually perpendicu
directions in a cubic sample, given the regular manner
which the microstructures have been observed to pack@40–
42#. Therefore, when the network is stressed in a given
rection only one third of the total chain length represents
number of chains supporting stress in that direction. In
cube of volume 1 cm3, a cross section of area 1 cm31 cm
cuts through the following number of 1 cm chains:

Njj

3
5

2Fj12D

cps3 . ~9!

These are, therefore, the chains that transmit stress from
part of the sample to the other.

C. Forces acting within the network

We assume that the attractive forces between microst
tures consist of van der Waals interactions between mi
structural elements that form nearest neighbors at the in
face between two microstructures. One can imagine tha
the microstructures all are of the same size and shape, t
will be somem interactions due to nearest-neighbor intera
tions between microstructural elements at the edge of
neighboring microstructures. Therefore, as far as the ela
modulus of the network constitutes a measure of the
chanical strength of the network at small deformations, al
the microstructural elements present do not contribute to
mechanical strength. The relatively few microstructural e
ments that link the microstructures together are moved w
respect to their nearest neighbors in a neighboring mic
structure when the network is stressed, while the microst
tures themselves behave as rigid units. This view of the
havior of the network under a deforming stress is shared
Papenhuijzen@6#. The assumption that van der Waals inte
actions are the interactions of importance with fat particle
not new @2–4# and as Nederveen@3# has stated, it may be
calculated that dipolar forces are about a factor of 110

smaller than van der Waals forces, making these neglig
enough to ignore. Furthermore, the fat particles are nonp
and the oil is a nonpolar medium.
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It is difficult to take into consideration nonspheric
shapes in a calculation of van der Waals’ forces, althou
this has been attempted before@44#. Therefore, in the follow-
ing development, the microstructural elements are assu
to be spherical, a reasonable assumption as explained ab
Below, we summarize a development of the calculation
van der Waals interaction between two microstructural e
ments, developed by Nederveen@3#. The Lennard-Jones po
tential between two nonpolar atoms is formulated as

U52lr 261mr 212, ~10a!

l52uU0ur 0
6, ~10b!

m5
l

2
r 0

6, ~10c!

whereU is the potential energy of two molecules at a d
tance r. When the two molecules are at their equilibriu
distancer 0 apart, the potential energy isU0 . In order to
calculate the attractive energy between two spheres con
ing of a large number of molecules~say, q/m3), Eq. 10~a!
must be integrated over the volumes of both spheres:

U5q2E
n1

dn1E
n2

dn2~2lr 261mr 212!. ~11!

wheredn1 , dn2 , V1 , andV2 are volume elements and vo
umes of the 2 spheres 1 and 2 andr is the distance betwee
dn1 and dn2 . Hamaker@45# had before Nederveen carrie
out the integration of the attractive term. By carrying out t
integration for the repulsive term as well, it is possible
calculate the stiffness of a van der Waals bond for sm
deviations from equilibrium, such as is the case when
network is deformed during measurement of the ela
modulus. Nederveen performed the integration for t
spheres with equal radiiR separated by a distanced ~making
the distance between the centers of the two spheresC52R
1d). The steps of the integration are cumbersome and
necessary to restate at this point. It is sufficient to say that
d!R ~see Ref.@3#!. Nederveen’s integration agreed with a
independent check by the authors and yielded

U5
2AR

12d F12
1

420S r 0

d D 6G , ~12!

whereA5p2q2l is the Hamaker’s constant. The attractiv
force between the two spheres is given by differentiation
Eq. ~12! with respect tod:

F5
]U

]d
5

AR

12d2 F12
1

60S r 0

d D 6G . ~13!

Equations~12! and ~13! suggest that there is an equilibrium
distance where the potential energy between the two sph
is a minimum and the force between them becomes zero

d05
r 0

A6 60
. ~14!
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‘If the deformation « of all volume elements in the two
spheres is homogenous, thend may be written as a function
of the radius of the spheres:

d5d012R«. ~15!

When Eqs.~14! and ~15! are substituted into Eq.~13!:

F5
AR2«

d0
3 S 12

11R«

d0
D . ~16!

This equation is valid only when 11R«/d0 is small compared
to unity. Therefore, for very small deformations, the for
between the two spheres varies linearly with the deform
tion.

It is expected that as two microstructural elements m
apart due to a stress on the network, the resulting gap is fi
with the liquid oil present in these networks. Papenhuijz
@6# has shown that by considering the microstructural e
ments as spheres and using a corrected Stokes equatio

f h53phLRua, ~17!

wheref h is the force necessary to move a sphere with dia
eterR at speedu to a flat plate,nL is the viscosity of the oil,
and a is a correction factor which depends on the distan
between the sphere and the plate, the corresponding hy
dynamic force can be expressed as

f h5
3phLR2u

8d
. ~18!

As reported by Kamphuis and Jongschaap@9#, the elongation
rate between the two spheres is assumed to be very sm

u!
A

hLRd
, ~19!

and therefore only the Lennard-Jones potential as descr
above needs to be taken into account. These authors
suggested that the inertial forces are negligible with resp
to the interactive forces@8#. This is assumed as well in ou
treatment.

Figure 5 shows a schematic of two neighboring mic
structures. The force between two neighboring microstr
tural elements is given by Eq.~16!. If the microstructural
elements are assumed to be identical, the interaction betw
neighboring microstructural elements can be represente
a spring. Therefore, the forces between microstructures

FIG. 5. Schematic showing forces between two microstructure
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be represented asm identical springs of spring constantk in
parallel. If one assumes that the pairs of microstructural e
ments are all moved the same distance apart, then the
force can be approximated by

F5(
1

m

knDx5(
1

m

f n5m f, ~20!

wheref is the restoring force of one spring of force consta
k extended by a distance ofDx. Therefore, if there arem
identical pairs of microstructural elements at the interfa
between two microstructures, the force between the mic
structures is given by

F5m
As2«

4d0
3 S 12

11s«

2d0
D , ~21!

whereR in Eq. ~16! has been replaced bys/2 to represent the
radius of the microstructural elements.

D. Elastic modulus

In a sample that is a cube of volume 1 cm3 which is
stressed in one direction, the number of chains carrying
stress is given by Eq.~9!. Therefore, the stresss transmitted
through a 1 cm31 cm cross section is given by@2,3,9#

s5m
As2«

4d0
3

2Fj12D

cps3 S 12
11s«

2d0
D

5m«
AFj12D

2cpsd0
3 S 12

11s«

2d0
D . ~22!

The tensile modulus of the network is then given by

E5
s

«
5m

AFj12D

2cpsd0
3 S 12

11s«

2d0
D . ~23a!

When the deformation is small enough that one is in
linear viscoelastic region and the following relationsh
holds:

11

2

s«

d0
,0.1, ~23b!

Eq. ~23a! reduces to

E5
s

«
5m

AFj12D

2cpsd0
3 . ~24!

The storage shear modulus is given by

G5
E

3
5m

AFj12D

6cpsd0
3 5m

AFj22D

6cpsjd0
3 . ~25!

If the fractal dimension within microstructures isD, i.e., the
spatial distribution of the microstructural elements within t
microstructures is characterized byD, the scaling relation-
ship between the average microstructural sizej and the solid
volume fractionF can be found by approximating the sol
volume fraction inside the microstructures as the ove
solid volume fraction:

.
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j;F1/~D2d!. ~26!

This relationship is well known in semidilute polymer sol
tions @46# and was shown by Dietleret al. @47# to be correct
for colloidal silica gels as well. Furthermore, this relatio
ship was seen to be supported for fat-crystal networks@11#.
From Eq.~26!,

j22D;@F1/~D2d!#22D5F~22D !/~D2d!. ~27!

Therefore,

Fj22D;FF~22D !/~D2d!5F~d22!/~d2D !. ~28!

From the above,

G8;m
A

6cpsjd0
3 F~d22!/~d2D !5m

A

6cpsjd0
3 F~1/d2D !.

~29!

Equation~29! therefore reduces to a form equivalent to E
~1!:

G8;
mA

6cpsjd0
3 F1/~d2D !. ~30!

Comparing Eq.~1! and Eq.~30!,

g;
mA

6cpsjd0
3 . ~31!

Throughout the above treatment, particle volume fract
and solid fat content~F! has been used interchangeably. T
relationship between these quantities is: particle volu
fraction5~density of network/density of microstructural el
ments!F.

III. EXPERIMENTS

A. Rheology

Rheological analysis of all the fat systems was perform
as detailed below. All rheological measurements were m
using a CarriMed CSL2 500 Rheometer~TA Instruments!
with a 2-cm parallel plate attachment. Rheological analy
of cocoa butter was performed at 20 °C, and all other syst
were analyzed at 5 °C; to facilitate the variable and low te
peratures used, one of the attachment plates of the instru
is a Peltier plate. Liquefied blends of the fats were pou
into molds in order to ensure uniformity in thickness a
diameters—the diameter of the resulting samples are
same as the attachment plates on the CarriMed instrum
and the thickness of the samples were 3.2 mm. The fats w
allowed to crystallize in the mold at 5 °C for 48 h~except for
cocoa butter, where the molds were cooled at 5 °C for
and then incubated at 20 °C for 48 h!. To prevent slippage
between the sample surface and the surface of the attach
plates on the CarriMed, 50 grit sandpaper was attache
both attachment plates with Krazy Glue™~for cocoa butter,
Krazy Glue™ was used to attach the sample to the atta
ment plates without any sandpaper!.

After the sample was mounted in the manner descri
above, the rheometer was run through an oscillatory st
.
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program~applied stresses ranging from 1 to 31 800 Pa a
frequency of 1 Hz!. This stress program is initially per
formed on one replicate of the sample in order to determ
the linear viscoelastic region~LVR!. On establishment of the
LVR, frequency sweeps of the data were carried out at c
stant strains~0.5%! over a frequency range of 0.1–10 H
Figure 1 shows such a frequency sweep for cocoa butte
75% solid fat content. Additionally, measurements ofG8
were made in the LVR by applying a variable stress progr
to replicates of the sample, and readingG8 at strain levels of
0.2% ~well within the LVR for these materials!. Figure 2
shows values ofG8 plotted against different values of soli
fat content for various fat systems.

The ln of the obtained values ofG8 and F were plotted
against each other, and the slope of the line was determ
by linear regression. This has been described in Ref.@11#.
Assuming a weak-link regime, the slope of this line is giv
by 1/(32D), and therefore the fractal dimension of the pa
ticular fat system can be calculated based on the rheolog
measurement.

B. Solid fat content

Solid fat content was determined with a Bruker PC/
series NMR Analyzer~Bruker, Milton, ON, Canada!. Differ-
ent solid fat contents were achieved for each fat system u
canola oil as a diluent for milkfat, lard, cocoa butter, a
tallow samples, while soyabean oil was used as a diluent
palm oil samples. The blends were introduced into NM
tubes, and allowed to crystallize using the same tempera
regimes under which the rheological samples were crys
lized.

C. Polarized light microscopy

Solid samples of milkfat, cocoa butter, and tallow we
prepared by dilution with 50% canola oil, and then heated
80 °C. A small droplet of the melted fat was then placed o
glass slide and smeared into a thin film by holding the sl
vertically. The fat was then allowed to crystallize at the d
sired temperature for 48 h and then imaged under a polar
light microscope~PLM! at low magnification. This allowed
the microstructures of the system to be seen. However,
cause of the large amount of dilution, resulting in low valu
of solid fat content, the microstructures themselves did
form a solid network, but in effect were ‘‘floated’’ awa
from each other in the oil. This facilitates the imaging of t
microstructures, which in anin situ PLM image are difficult
to discern.

Samples of milkfat-canola, cocoa butter-canola, la
canonla. and tallow-canola~in 85% w/w fat system-canola
oil!, palm oil-soyabean oil~85% w/w palm oil soyabean oil!
blends were analyzed using polarized light microscopy. T
samples were prepared by melting the prepared blends o
fat systems at 80 °C, and using a Pasteur pipette to depo
small droplet of fat onto a glass slide preheated to the te
perature of the melted fat. A similarly heated glass covers
was then dropped onto the surface of the droplet, ensu
that the plane of the coverslip was parallel to the plane of
slide. This allowed the droplet to be smeared out into
extremely thin rectangular block of fat of uniform thicknes
The samples were then allowed to crystallize for 48 h at
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desired temperature. When imaged under a PLM at h
magnification, the microstructural elements of the netw
can be visualized. This procedure is also described in R
@11#, and images so taken are shown in this reference.

In an alternate method, noninteresterified lard and che
cally interesterified lard were crystallized under identic
crystallization conditions and a small amount of fat w
placed on a glass slide. A drop of paraffin oil was then ad
as a dispersing aid. A cover slip was then firmly pressed
the sample to remove air bubbles and excess liquid. T
process breaks the network in such a manner as to allow
imaging of dispersed microstructural elements with a po
ized light microscope. This method was used as a way
determining effective diameters of microstructural eleme
of lard and chemically interesterified lard.

D. Fractal dimensions

As described in Ref.@11#, mass fractal dimensions can b
calculated from the images of the microstructural eleme
of the different fat systems. It should be noted here that m
fractal dimensions of samples of the same fat system at
ferent values of high solid fat content~60–100%! were the
same. Mass fractal dimensions have been calculated in
@11#, and the values so calculated may be then compare
the rheologically determined mass fractal dimension.

E. Measuring effective values ofs and j

The diameters of the microstructural elements of the
systems that can be measured using thein situ polarized light
microscope images of fat systems that have been diluted
15% by weight canola oil~soyabean oil in the case of palm!
are not necessarily an absolute measure of these diame
However, PLM images of these entities does allow an ‘‘
fective’’ diameter to be measured, which may then be u
to demonstrate the dependence ofG8 on these parameters. A
PLM image of microstructural elements contains those e
ments both in focus as well as those elements out of fo
An attempt was made to select those microstructural
ments that are obviously in focus to be measured for va
of s. For measurement of the diameter of microstructur
attempts were made to measure only those elements wit
obviously repeating size, i.e., effort was made to ignore th
clusters of fat which seemed to be composed of more t
one microstructure.

F. Atomic-force microscopy

Samples of the high melting fraction of milkfat were im
aged using an atomic-force microscope. Samples of the
were melted at 80 °C and then a small droplet was drop
onto a polished silicon~111! surface, which was rotating at
speed of 4000 rpm. The droplet was thus spin-coated on
silicon for 90 s. The resulting thin coating of fat on th
silicon wafer was then incubated at 20 °C for 24 h. The
sulting fat surface was then imaged using a Nanoscope
atomic-force microscope~Digital Instruments! operated in
tapping mode with the cantilever being driven at 250 kH
The cantilever used in this case had a force constant in
range 40–85 N/m.
h
k
f.
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IV. RESULTS

Figure 1 shows a plot of shear elastic modulus and l
modulus plotted against frequency for a 75% solid fat co
tent sample of cocoa butter. The strain level used here
0.5%.

Figure 2 shows the shear elastic modulusG8 plotted
against solid fat content for milkfat, tallow, palm oil, an
lard. The shear elastic modulus was measured at strain le
of 0.2%.

Figures 3~a! and 3~b! show microstructures of cocoa bu
ter, and milkfat, respectively. The fats were first blend
with 50% w/w of canola oil, to facilitate the discernment
the microstructures. The microstructures here are somew
displaced from their regular packing arrangement, since
system is dilute enough so that the microstructures are
persed in the oil. Figures 3~c! and 3~d! show atomic-force
images of a microstructure and microstructural element,
spectively, of the high melting fraction of milkfat.

As have been shown in Ref.@11#, Eq. ~1! accurately de-
scribes the behavior of fat-crystal networks. Equation~30! is
of the same form as Eq.~1!, with Eq. ~31! showing that the
pre-exponential terms in Eq.~1! may be represented by th
constantg. The ln of measured values ofG8 and F were
plotted against each other for different fat systems. Figu
6~a! and 6~b! show lnG8 vs lnF for palm oil and cocoa

FIG. 6. lnG8 vs lnF for ~a! palm oil and~b! cocoa butter.

TABLE I. Fractal dimension calculated via image analysis co
pared to fractal dimension calculated via rheology using the we
link theory of Shihet al. @34#. Errors in D are standard errors o
three replicates.

Fat system

Fractal dimension
from image

analysis

Fractal dimension
from rheology

~weak-link
regime!

Percent
deviation

Cocoa butter 1 2.3161.7% 2.3764.0% 2.5
Palm oil 2.8260.6% 2.8260.6% 0.0
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butter, respectively. From the slope of such lines, the fra
dimension may be determined, as is explained in the exp
mental section above. The fractal dimension of the differ
fat systems may also be determined by analysis of the P
images of the microstructural elements of the fat systems
is explained in Ref.@11#. Table I show a comparison be
tween fractal dimensions determined for palm oil and co
butter from rheology and from image analysis~this compari-
son was also reported in Ref.@11# together with three othe
fat systems!.

Figure 7 shows a plot of values ofG8 vs 1/s, wheres is
a measure of effective diameters of microstructural eleme
for five different fat systems. Figure 8 shows a plot of valu
of G8 vs 1/csj for three different fat systems. Values of th
constantg were calculated from the intercept of the lnG8 vs
ln F plots of the rheological data collected for each of t
five fat systems. Values ofG8 used in Figs. 7 and 8 wer
calculated using the rheologically determined values ofg,
the mass fractal dimension, Eq.~1! and a common value fo
the solid fat content (F570%). A common value for the
solid fat content was used in order to effectively normal
the value ofG8 with respect to solid fat content, thereb
allowing a better comparison to other parameters such as,
c, andj.

Figures 9~a! and 9~b!, respectively, show polarized ligh
microscope images of 70% w/w samples of noninterest
fied lard/canola oil and chemically interesterified lard/can
oil. These samples were imaged using the method of dis
sion with paraffin oil described in the experimental sectio
The shear elastic moduli corresponding to these samples
1.253104 Pa and 3.343105 Pa, respectively. As is evi
denced by the sizes of the microstructural elements re
sented in the pictures, the fat with the smaller microstructu
elements~chemically interesterified lard/canola oil! has a
larger value of shear elastic modulus.

V. DISCUSSION

It is important to note that the power-law relationship b
tweenG8 andF of Eqs.~1! and~30! is only valid for defor-
mations of the fat network small enough such that Eq.~23b!
holds. Additionally, Eq.~30! has been manipulated to repr
sent the same functional form as Eq.~1!. As a result, the
average diameter of the microstructures in the networkj ap-

FIG. 7. Plot ofG8 vs 1/s for five different fat systems. Symbol
with error bars represent average values of rheological meas
ments and their standard deviations.
al
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pears in the denominator of Eq.~31!. However, according to
Eq. ~26!, j is related to the solid volume fraction. It is im
portant to realize that Eqs.~1!, ~30!, and~31! are only valid
at high solid fat contents. It has been experimentally prov
that at high solid fat contents~;60–100 %!, the constantg is
independent of the solid fat content; plots of log10G8 vs
log10F of some eight different fat systems were statistica
good straight lines with a measurable intercept correspo
ing to log10g @11#. This, therefore, would suggest thatj as it
appears in the denominator of Eqs.~30! and ~31! does not
change significantly over the applicable range of solid
content. Furthermore, the authors have observed no mea
able change in the diameter of microstructures of cocoa
ter observed in its natural state at 20 °C and at dilutions o
10, 15, 20, 25, and 30 % w/w with canola oil. The canola

re-

FIG. 8. Plot of values ofG8 vs 1/csj for three different fat
systems. Symbols with error bars represent average values of r
logical measurements and their standard deviations.

FIG. 9. Polarized light microscope images of~a! 70% w/w
samples of noninteresterified lard/canola oil and~b! chemically in-
teresterified lard/canola oil. These samples were imaged using
method of dispersion with paraffin oil.
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in this case was used purely as a diluent to vary the solid
content.

The dependence of the hardness of fats on the solid
content has been studied by a variety of researchers~e.g.,
@1,3,10,11,37,38,48,49#!. In all cases hardness depended
the solid fat content in a power-law fashion. This is su
ported by Eq.~30!. Furthermore, as is demonstrated by F
6, a plot of lnG8 vs lnF yields a straight line, verifying the
power-law dependence ofG8 on F. Additionally, as have
already been shown in Ref.@11#, Table I shows that rheo-
logically calculated values of fractal dimension agree w
with fractal dimensions calculated from image analysis. T
suggests that both Eqs.~1! and ~30! are correct in their de-
scription of fat-crystal networks, as far as variation ofG8
with F andD is described by the model.

Particle size has been shown experimentally to be an
portant parameter in the hardness of fat-crystal netwo
~e.g., @1,3,13,49–56#! but previous network models excep
for Refs.@2,7#, failed to show a dependence on particle s
in the final expression for the shear elastic modu
@3–6,8,9#. Overwhelming experimental evidence has be
submitted by other researchers@50–56# which demonstrates
that the hardness of fat-crystal networks is inversely prop
tional to the particle size~microstructural element size!. This
is also supported by Eq.~30!. Equation~30! demonstrates a
dependence on both the size of the microstructures and
size of the microstructural elements. As is demonstrated
Fig. 7, a plot ofG8 vs 1/s yields a proportional relationship
as is predicted by Eqs.~30! and ~31!, and as have been
shown before by a host of other researchers@50–56#. The fit
to a straight line yields anr 2 value of 0.68. The fit is signifi-
cantly improved whenG8 is plotted versus 1/csj as is seen
in Fig. 8, ther 2 value here being 0.98. This relationship
again predicted by Eqs.~30! and ~31!. The fact that the
straight line fit to the plot ofG8 versus 1/csj is better
than the plot ofG8 vs 1/s is important to note, since it
seems that changes ins are followed by changes in both
c and j. It is not surprising that these parameters are
variants, since from Eqs.~3! and ~4a!, the parameterc is
a measure of how many microstructural elements of a p
ticular diameters are contained in a microstructure of a pa
ticular diameterj for that particular fat with a particular
value for the fractal dimensionD. Obviously, changes inj
and s also affects the value ofc. Consequently, a bette
analysis of the agreement of the model with such parame
as c, s, andj is provided by evaluating the effect of thes
parameters onG8 collectively rather than individually. We
have been unable to procure measurements ofm, d0 , andA
at this time.

As a visual example of the effect a decrease in mic
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structural element size has on the shear elastic modulus,
9 shows marked decrease in particle size from the sampl
noninteresterified lard and/or canola oil to the sample
chemically interesterified lard and/or canola oil. There is
corresponding increase in the shear elastic modulus as w
the shear elastic modulus increases from 1.253104 Pa to
3.343105 Pa, as would be expected from the decrease in
diameter of the microstructural elements shown disperse
the images.

The morphology of the microstructural elements also
fects the mechanical strength of the network~e.g.,@57–59#!.
Since the interactions between the microstructural elem
in this model were developed for spherical microstructu
elements, obviously morphological changes of these
ments would vary the form of Eq.~30!. Additionally,
changes in morphology would probably cause changes in
Hamaker’s constant as well. Morphology and size of cryst
are affected by the particular polymorphism of the fat cry
tals formed@17,59#. The triglyceride composition also influ
ences the size and rigidity of the crystals@1#. Therefore, it is
important to establish a relationship between Hamaker’s c
stant and triglyceride composition and polymorphism.

VI. CONCLUSION

While Eq. ~30! does not provide an absolute formulatio
for g in Eq. ~1!, it does identify key network parameters th
are important in determining the shear elastic modulus
fat-crystal networks. Furthermore, it agrees well with expe
mental observations and with Eq.~1!, which has been shown
@11# to be valid for fat-crystal networks. The equation pr
vides impetus for the development of phenomenological
vestigations of relationships between triglyceride compo
tion and polymorphism and values of Hamaker’s consta
and size of microstructural elements. Insight on the chan
in mechanical strength of fat networks whose characterist
such as size of microstructural elements, size of microstr
tures, and distances between microstructures, have bee
tered through processing conditions, is also provided.
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